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Sequences and Series Lab

Introduction

A]sequence(is an ordered list of numbers; the numbers in this ordered list are called elements or terms. A
Qgﬁggjis a sum of the terms of a sequence, which we call the sum. For instance, {1,2,3, ...} is an example of

an infinite scquence whose terms start at 1 and go up by 1 cach term without end. On the other hand the

{2,4,6,8} is an example of a finite sequence since it has finitely many terms. Correspondingly we can find

the sum of these sequences as R e

e’s)
1+2+3+4+5+..=Y n \

n=1

and

4
2+4+6+8=Z2n

n=1

In general it is customary to denote an infinite sequence or series of terms as|{a;}ic; = {a1,a2,as, a4, ...}|and

(o<}
E a; = a1 + a2 + as + ...| while denoting a finite sequence or series of terms as {a;}5; = {a1,@2,as,...,an}

=1

and Zai =aj + as + az + ... + a,. In the above finite case we had n = 4 terms, which were a; = 2, ay = 4,

=1
as = 6 and a4 = 8. We were able to express any term as a function of its place in the sequence, namely we

said ar = 2k. Notice the relationship here between the index of ap and the term 2k. Ideally we would like to
be able to write a sequence or series in its most compact form since determining properties like convergence
are much easier to find if we know the form of the general term or a,. However, it is not always guaranteed
that we can write the general form as a function of its index or place in the sequence as we will soon see.

Exercises:
Directions I; and I»: Find the relationship between the terms and their place value or index then write
the sequence or scries in its most compact form, c.g. In the above example the infinite sequenee could be
written compactly as {n};2, and the finite sequence as {2n}%_,. Note that we have already written thelr
corresponding series compactly. If no relationship exists then state as much.

L (a) 3,6,9,12,...
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(b) 6,9,12,15,18, ...,33
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(c) 2,—4,6,—8.10,.(20)(We call a sequence of this type an alternating sequence since the signs alternate
between terms).
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(b) 74+ 9+11+13+...+23
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Directions 1-3: Sometimes we wish to rewrite a sequence or series so that it starts with a particular index,
which is not necessarily 1. Express/re-express each sequence in compact form so that it starts at the indicated
index. Hint: It may help to write out the first couple terms to sce what is going on.

1. {15,17,19,21,23} = {2n + 3}, ¢ starting at n = 1 instcad of n = 6 (thc original starting index).
Ffn=6

2m+\””>§fw

2. {an};2, where a,, = n? starting at n = 4 instcad of n = 1.
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Geometric Sequences and Series:

A geometric sequence, ay, is any sequence such that the ratio of any two consecutive terms is constant, i.e.
ag+1/ar = r for some real number r. The sum of the first n terms of a geometric sequence 1s called nth

n—1
partial sumn of the given geometric sequence, usually denoted as S, = Z ar. If we take an infinite sum of a
=0
T -
geometric sequence, i.e. n goes to oo, then we call the sum geometric series, usually denoted as S = Z ag.
n=0

For example, {1,2,4,8,16,-- -} is a geometric sequence with ag = 1, constant ratio r = 2. Then, the sequence
of nt* partial sums is {1,3,7,15,31,--- }.

. Express the nt* term of a geometric series in terms of its ratio  and the first value, ag. (hint. Note for
{1,2,4,8,16,--- }, a, = 2"! where r = 2 and gy = 1.)

. Express the following sequence in terms of the ratio, r, and the first value, ay. Then compute the indicated
sums (you may use a calculator to evaluate the sums):

(2) {ax} =1{1,3,9,27, -} an= \ * g"-—‘
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o) (1387 4 (13 J
k=2 g
(1) (123 (13 )

=349 +27 - 34|

: n =) .

(b) {bp}=1{3,6,12,--}. b= 5. 2 o S
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5. Although we can evaluate each terms in a geometric sequence and add them together in order to evaluate
the nth partlal sum, it will get challenging as n increases. Therefore, we want to find a general formula that
will evaluate n pdrtml sum of a geometnc sequence. First, assume r # 1 (the reason we don't let r = 1 will

n—1
become clear later). Then the nt* partial sum of a geometric series is Sy = Z oy =ap+a;+---+an_3.
n=0

n
= —al
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(a) First, we want to evaluate r8,,.
n—1
7'571:7'20'1:: dp+7 A, +- -+ %n_
n=0 )

(b) Now, we subtract .S, from S, /"* S
n—1 f—1 .
S.n—rSn=(1—r)Sn=Zak—rZak= (1-14, + -1+ - --+ (1-r)4n~
n=0 n=0
—r)An-)
(¢) Now, we divde both sides by 1 — . ai#: (1-r) Ao —+ (l-l") d\i_ - q
(=10 Q-n) Cl=
(Note this is why we assume r % 1. We cannot divide by 0.) % a/a,l/
-:— /

d) Therefore, the nth partial sum of a given geometric scrics in terms of r and ag is:
b given g

. n)
n—1 n - a(\ r
N SR - 4 . A=r")

n=0 i = F
(e) Now we deal with 7 = 1. Note a4 = rag = a’;;i%: case, i.e. ar = ap for all k. Therefore,
n—1
Sn=zak=ao+ao+~--+ao= &(.|~ ) (hint. how many ag do we have?)
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Our last goal is to find a general express infinite sum. In order to get a "nice” answer, we shall
assume [r| < 1 ("nice” answer will be introduced as converging answer later on). An infinite sum just means
we take the partial sum and let n goes to co, i.e. take a limit of the partlal sum as 72 goes to co. Therefore,

S=%ar=1lm 8= lim _aU-r") = 2 Mol lera)
D § =y o/ diverge \rl 7\

Now, using the fact that li)m r™ =0 for all r such that |r| <1 (thxs is what gives us the ”nice” answer), we
n—>00

have
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